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We present a perturbative treatment of gravitational wave memory. The coordinate invariance
of Einstein’s equations leads to a type of gauge invariance in perturbation theory. As with any
gauge invariant theory, results are more clear when expressed in terms of manifestly gauge invariant
quantities. Therefore we derive all our results from the perturbed Weyl tensor rather than the
perturbed metric. We derive gravitational wave memory for the Einstein equations coupled to a
general energy-momentum tensor that reaches null infinity.
I. INTRODUCTION
Gravitational wave memory is a distortion in a gravi-
tational wave detector that persists even after the wave
has passed. As a phenomenon in weak field, slow mo-
tion gravity, memory has been well understood since the
work of Zel’dovich, Polnarev, Braginsky, Grishchuk, and
Thorne.[1–3] This “linear” memory is due to a change in
the second time derivative of the quadrupole moment of
the source. However, Christodoulou[4] found that there is
an additional “nonlinear” memory due to the energy ra-
diated in gravitational radiation. The results of [4], based
on the global nonlinear stability result of Christodoulou
and Klainerman,[5] make use of the full nonlinear gen-
eral theory of relativity without any perturbative ap-
proximation. And indeed it is the point of view of [4]
that this memory is an inherently nonlinear phenomenon
that cannot be captured by perturbation theory. Since
the energy of gravitational radiation is second order in
gravitational perturbations, it is certainly true that the
nonlinear memory of [4] cannot be treated in first or-
der perturbation theory. Nonetheless, that leaves open
the possibility of a treatment in second order perturba-
tion theory. Furthermore, it has been shown that in the
presence of electromagnetic fields[6–8] and neutrinos[9]
the nonlinear memory depends on the energy radiated
to infinity by the matter fields in exactly the same way
that it depends on the energy radiated in gravitational
waves. In these cases, the memory due to matter fields is
only first order in the gravitational perturbation (though
it may be higher order in the matter fields), so there is
the possibility of treating these cases in first order grav-
itational perturbation theory. Indeed there have been
perturbative treatments of both the memory due to the
energy of gravitational waves[10, 11] and the memory due
to neutrinos.[12, 13] One feature of the treatments of [10–
13] is that they use metric perturbations. However, due
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to the coordinate invariance of general relativity, metric
perturbations are not gauge invariant quantities. Thus,
any results obtained using metric perturbations must be
carefully examined to see whether they are gauge invari-
ant. Furthermore, as we will show in appendix A there
are special difficulties that arise when using metric per-
turbations with matter fields whose energy can get out to
null infinity. For that reason, we prefer an approach using
the perturbed Weyl tensor. Such an approach is gauge
invariant from the start and is easily able to handle stress-
energy that gets to null infinity. Furthermore, when ex-
pressed in terms of the electric and magnetic parts of
the Weyl tensor there is a close analogy between the first
order Einstein equation and Maxwell’s equations. We
exploit this analogy by using the method of [15] (which
treats an electromagnetic analog of gravitational wave
memory) to treat the linearized Einstein equation using
the perturbed Weyl tensor.
From the treatments of [4] and [14] it is clear that
gravitational wave memory is a property of the asymp-
totic gravitational field in the limit to null infinity. We
will therefore obtain our results by taking the limit to
null infinity of the linearized Einstein equations for the
Weyl tensor. Our results thus hold for the class of space-
times where linearized gravity is a good approximation in
a neighborhood of null infinity, even if the gravitational
field becomes strong in the interior of the spacetime. In
the treatments of [4] and [14] the results appear to de-
pend on the detailed geometric behavior of a carefully
defined optical scalar u. This seems odd from the per-
turbative point of view, since in first order perturbation
theory the only gauge invariant quantity is the perturbed
Weyl tensor. It turns out that our approach yields a geo-
metric system that is essentially equivalent to those of [4]
and [14] but where all quantities are expressed directly
in terms of the perturbed Weyl tensor.
II. PERTURBATIVE TREATMENT
We work to first order in deviations from Minkowski
spacetime. It will be useful to use both Cartesian coordi-
2nates and spherical coordinates with the following nota-
tion: spacetime Cartesian coordinate indices are denoted
by greek letters, spatial Cartesian coordinate indicies by
lower case latin letters, and spherical coordinate indicies
by r if they are in the radial direction and by capital latin
letters if they are in the two-sphere direction. The Weyl
tensor is given in terms of the Riemann tensor by
Cαβγδ= Rαβγδ
− 12 (gαγSδβ − gαδSγβ − gβγSδα + gβδSγα) (1)
Where Sαβ is defined by
Sαβ = Rαβ −
1
6Rgαβ (2)
Since Minkowski spacetime has vanishing Weyl tensor, it
follows that in first order perturbation theory the Weyl
tensor is gauge invariant. From the Einstein field equa-
tion it follows that
Sαβ = 8π(Tαβ −
1
3Tgαβ) (3)
where Tαβ is the stress-energy tensor. We will assume
that the stress-energy tensor satisfies the dominant en-
ergy condition. The Weyl tensor is decomposed into its
electric and magnetic parts, which are defined by
Eab ≡ Catbt (4)
Bab ≡
1
2ǫ
ef
aCefbt (5)
Here ǫabc is the spatial volume element and is related
to the spacetime volume element by ǫabc = ǫtabc. The
electric part of the Weyl tensor is important for gravita-
tional wave memory since for two objects in free fall with
a spatial separation ∆xa we have
d2∆xa
dt2
= −Eab∆x
b (6)
The gravitational wave interferometer is assumed to be
at a large distance from the source, and at large distances
the components of the Weyl tensor fall off at least as fast
as r−1. Thus the gravitational wave memory is essen-
tially the r−1 piece of Eab integrated twice with respect
to time.
It will also be useful to decompose the stress-energy
tensor into spatial tensors as follows:
µ ≡ Ttt (7)
qa ≡ Tta (8)
Uab ≡ Tab (9)
In order to find the behavior of the electric and mag-
netic parts of the Weyl tensor, we will do the following:
obtain equations of motion (and constraint equations) for
these fields, decompose these fields and their equations
into radial quantities and quantities on the two-sphere,
and then expand all quantities and equations as power
series in r−1.
From the Bianchi identity ∂[ǫRαβ]γδ = 0 we obtain two
constraint equations
∂bEab = 4π(
1
3∂a(2µ+ U
c
c)− ∂tqa) (10)
∂bBab = 4πǫ
ef
a∂eqf (11)
and two equations of motion
∂tEab −
1
2ǫa
cd∂cBdb −
1
2ǫb
cd∂cBda
= 4π
(
∂(aqb) −
1
3δab∂cq
c − ∂t(Uab −
1
3δabU
c
c)
)
(12)
∂tBab +
1
2ǫa
cd∂cEdb +
1
2 ǫb
cd∂cEda
= 2πǫa
cd∂cUdb + 2πǫb
cd∂cUda (13)
We now want to decompose the spatial tensors into
tensors on the two-sphere. From the electric part of the
Weyl tensor Eab we obtain a scalar Err as well as a vector
and a symmetric, trace-free tensor given by
XA = EAr (14)
E˜AB = EAB −
1
2HABEC
C (15)
Here HAB is the metric on the unit two-sphere, and all
two-sphere indicies are raised and lowered with this met-
ric. Similarly, the decomposition of the magnetic part of
the Weyl tensor yields Brr and
YA = BAr (16)
B˜AB = BAB −
1
2HABBC
C (17)
The decomposition of the spatial vector qa yields a two-
sphere scalar qr and vector qA, while the decomposition
of the spatial tensor Uab yields two-sphere scalars Urr and
N ≡ U cc, vector VA ≡ UAr and a symmetric trace-free
tensor
WAB = UAB −
1
2HABUC
C (18)
Then the constraint equations (eqns. (10) and (11)) be-
come
∂rErr + 3r
−1Err + r
−2DAXA
= 4π(13∂r(2µ+N)− ∂tqr) (19)
∂rBrr + 3r
−1Brr + r
−2DAYA
= 4πr−2ǫABDAqB (20)
∂rXA + 2r
−1XA −
1
2DAErr + r
−2DBE˜AB
= 4π(13DA(2µ+N)− ∂tqA) (21)
∂rYA + 2r
−1YA −
1
2DABrr + r
−2DBB˜AB
= 4πǫA
B(DBqr − ∂rqB) (22)
Here DA is the derivative operator and ǫAB is the volume
element of the unit two-sphere. The evolution equations
(eqns. (12) and (13)) become
∂tBrr + r
−2ǫABDAXB = 4πr
−2ǫABDAVB (23)
∂tErr − r
−2ǫABDAYB
= 4π
(
∂rqr − ∂tUrr +
1
3∂t(N − µ)
)
(24)
∂tYA +
1
2r
−2ǫCDDCE˜DA
3+ 14 ǫA
C(3DCErr − 2∂rXC)
= 2πǫA
C(12DC(3Urr −N)− ∂rVC)
+2πr−2ǫBCDBWCA (25)
∂tXA −
1
2r
−2ǫCDDCB˜DA
− 14ǫA
C(3DCBrr − 2∂rYC)
= 2π(DAqr + ∂rqA)− 4π(r
−1qA + ∂tVA) (26)
∂tB˜AB +
1
2ǫA
C(DCXB + r
−1E˜CB − ∂rE˜CB)
+ 12ǫB
C(DCXA + r
−1E˜CA − ∂rE˜CA)
− 12HABǫ
CDDCXD
= 2πǫA
C(DCVB + r
−1WCB − ∂rWCB)
+2πǫB
C(DCVA + r
−1WCA − ∂rWCA)
+2πHABǫ
CDDCVD (27)
∂tE˜AB −
1
2ǫA
C(DCYB − ∂rB˜CB + r
−1B˜CB)
− 12ǫB
C(DCYA − ∂rB˜CA + r
−1B˜CA)
− 12HABǫ
CDDCYD
= 4π(D(AqB) − ∂tWAB −
1
2HABDCq
C) (28)
The next step is to consider the behavior of the fields
near null infinity. In appendix B we show that the stress-
energy behaves as follows:
µ = −qr = Urr = N = Lr
−2 + . . . (29)
with all other components of the stress-energy falling off
more rapidly. Here . . .means “terms higher order in r−1”
and L is a function of u and the two-sphere coordinates.
In physical terms, the quantity L is the power radiated
per unit solid angle. In appendix B we show that the
electric and magnetic parts of the Weyl tensor behave as
follows:
E˜AB = eABr + . . . (30)
B˜AB = bABr + . . . (31)
XA = xAr
−1 + . . . (32)
YA = yAr
−1 + . . . (33)
Err = Pr
−3 + . . . (34)
Brr = Qr
−3 + . . . (35)
Here the coefficient tensor fields are functions of u and
the two-sphere coordinates. Furthermore, in the limit as
|u| → ∞ the only one of these coefficient tensor fields
that does not vanish is P . Note that because of the re-
lation between Cartesian and spherical coordinates E˜AB
behaving like r corresponds to Cartesian components of
the electric part of the Weyl tensor behaving like r−1.
Now keeping only the dominant terms in eqns. (19-22)
we obtain
− P˙ +DAxA = −8πL (36)
−Q˙+DAyA = 0 (37)
−x˙A +D
BeAB = 0 (38)
−y˙A +D
BbAB = 0 (39)
Here an overdot means derivative with respect to u. Sim-
ilarly, keeping only the dominant terms in eqns. (23-28)
yields
Q˙+ ǫABDAxB = 0 (40)
P˙ − ǫABDAyB = 8πL (41)
y˙A +
1
2ǫ
CDDCeDA +
1
2ǫA
C x˙C = 0 (42)
x˙A −
1
2ǫ
CDDCbDA −
1
2 ǫA
C y˙C = 0 (43)
b˙AB + ǫA
C e˙CB = 0 (44)
e˙AB − ǫA
C b˙CB = 0 (45)
Note that eqn. (45) is redundant, since it is equivalent
to eqn. (44). Since eAB and bAB vanish as u → −∞, it
follows from eqn. (44) that bAB = −ǫA
CeCB. This can
be used to eliminate bAB from eqns. (39) and (43) which
then become
y˙A + ǫ
CDDCeDA = 0 (46)
x˙A −
1
2D
CeCA −
1
2ǫA
C y˙C = 0 (47)
Combining eqn. (46) with eqn. (42) then yields
y˙A + ǫA
Bx˙B = 0 (48)
However, since xA and yA vanish as u → −∞. It then
follows from eqn. (48) that
yA = −ǫA
BxB (49)
Thus, we can eliminate yA from eqns. (37) and (41)
which then become
Q˙+ ǫABDAxB = 0 (50)
P˙ −DAxA = 8πL (51)
But these equations are then redundant, since they are
equivalent to eqns. (40) and (36) respectively. Thus the
only independent quantities are eAB, xA, P, Q and L.
These quantities satisfy the following equations
DBeAB = x˙A (52)
ǫBCDBeCA = ǫA
C x˙C (53)
DAx
A = P˙ − 8πL (54)
ǫABDAxB = −Q˙ (55)
Now let’s consider how to use eqns. (52-55) to find
the memory. Recall that eAB is (up to a factor involving
the distance and the initial separation) the second time
derivative of the separation of the masses. Thus we want
to integrate eAB twice with respect to u. Define the
velocity tensor vAB, memory tensor mAB and a tensor
zA by
vAB ≡
∫ u
−∞
eABdu (56)
mAB ≡
∫ ∞
−∞
vABdu (57)
zA ≡
∫ ∞
−∞
xAdu (58)
4Now consider two masses in free fall whose initial sepa-
ration is d in the B direction. Then after the wave has
passed they will have an additional separation. Call the
component of that additional separation in the A direc-
tion ∆d. Then it follows from eqn. (6) that
∆d = −
d
r
mAB (59)
To find mAB we first integrate eqns. (52) and (53) to
obtain
DBvAB = xA (60)
ǫBCDBvCA = ǫA
CxC (61)
Then integrating again from −∞ to ∞ we obtain
DBmAB = zA (62)
ǫBCDBmCA = ǫA
CzC (63)
Now integrating eqns. (54) and (55) from −∞ to ∞
yields
DAz
A = ∆P − 8πF (64)
ǫABDAzB = 0 (65)
where the quantities ∆P and F are defined by ∆P =
P (∞)−P (−∞) and F =
∫∞
−∞
Ldu. In physical terms, F
is the amount of energy radiated per unit solid angle. In
deriving eqn. (65) we have used the fact that Q vanishes
in the limit as |u| → ∞. Since zA is curl-free, there must
be a scalar Φ such that zA = DAΦ. Then using eqns.
(64) and (62) we find
DAD
AΦ = ∆P − 8πF (66)
DBmAB = DAΦ (67)
By expanding in spherical harmonics, one can show that
the consistency of eqns. (66-67) requires that the right
hand side of eqn. (66) has vanishing ℓ = 0 piece and
vanishing ℓ = 1 piece. For any quantity on the 2-sphere,
we will adopt the notation that a subscript [1] means the
ℓ = 0 and ℓ = 1 part of that quantity. It follows from
eqn. (66) that Φ consists of two pieces Φ = Φ1 + Φ2
satisfying the following equations:
DAD
AΦ1 = ∆P − (∆P )[1] (68)
DAD
AΦ2 = −8π(F − F[1]) (69)
and that mAB = m1AB +m2AB with D
Bm1AB = DAΦ1
and correspondingly for m2AB. In [4] m1AB is called
the ordinary memory and m2AB is called the nonlinear
memory.
We now work out explicitly the dependence of m2AB
on F . Eqns. (66-67) are equivalent to eqn. (10-12) of
[4]. The solution is thus the one given in that paper.
Nonetheless, we will find it helpful to derive a different
formula for m2AB using an expansion in spherical har-
monics. (Note that the same method yields the depen-
dence of the ordinary memory m1AB on ∆P ). For an
explicit comparison with the formula of [4] we also pro-
vide a Green’s function method in Appendix C. We have
− 8π(F − F[1]) =
∑
ℓ>1
aℓmYℓm(70)
m2AB =
∑
ℓ>1
bℓm(DADBYℓm −
1
2HABDCD
CYℓm)(71)
Then using eqns. (66) and (67) we find the the expansion
coefficients bℓm are given by
bℓm =
2aℓm
(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)
(72)
Thus the result is that the memory tensor is given by the
expression in eqn. (71) where the expansion coefficients
are given in terms of the source by
bℓm =
−2
(ℓ − 1)ℓ(ℓ+ 1)(ℓ + 2)
∫
dΩY ∗ℓm8πF (73)
Note that bℓm is defined only for ℓ ≥ 2 and that eqn. (73)
has a large power of ℓ in the denominator. It then seems
likely that to a very good approximation gravitational
wave memory is given by its ℓ = 2 part. We therefore
expect that the size of the gravitational wave memory
effect is essentially determined by the amount of energy
radiated by the source in the ℓ = 2 modes.
III. CONCLUSIONS
Though the most rigorous treatments of gravitational
wave memory use the full nonlinear Einstein field equa-
tions, we have shown that many of the interesting proper-
ties of gravitational wave memory can be captured in first
order perturbation theory. Since all results are expressed
in terms of gauge invariant quantities, the physical na-
ture of gravitational wave memory is made more clear
in our treatment than in those treatments that rely on
metric perturbations. In particular, we have shown that
there are indeed two types of gravitational wave memory,
but that rather than calling them “linear” and “nonlin-
ear” memory, it is perhaps more clear to call them “ordi-
nary” and “null.” The ordinary memory has to do with
changes in the Err component of the Weyl tensor be-
tween initial and final states of the system. For slowly
moving sources, this ordinary memory can be expressed
in terms of the difference between the second time deriva-
tive of the source quadrupole moment between the initial
and final states. The null memory is due to the energy-
momentum tensor of fields that get out to null infinity,
and can be expressed in terms of the energy radiated per
unit solid angle. These two types of memory are com-
pletely analogous to our results[15] for the “memory” of
test charges propelled by an electromagnetic wave.
We have performed an expansion in spherical harmon-
ics of the memory effect and shown that it is predom-
inantly a quadrupolar (that is ℓ = 2) effect. Thus the
5null memory effect is mainly due to the part of the ra-
diated energy that is in the ℓ = 2 modes. This provides
a simple method for using the results of numerical sim-
ulations of core collapse supernovae and of gamma ray
bursts to obtain estimates of the size of the gravitational
wave memory effect from each of these systems.
Our perturbative results are in complete agreement
with the fully nonlinear treatments of gravitational wave
memory due to the energy of electromagnetic fields or
neutrinos. However, we do not yet provide a perturba-
tive derivation of the memory due to the energy radiated
in gravitational waves. This is because our treatment is
in first order perturbation theory, while the effects of [4]
do not appear until second order in perturbation theory.
The case treated in [4] is thus an example where first or-
der perturbation theory is not adequate, even in a neigh-
borhood of null infinity. We expect that our methods
can be generalized to second order perturbation theory;
however such a generalization is not completely straight-
forward because the issue of gauge invariance is more
complicated in second order perturbation theory since
the perturbed Weyl tensor is no longer gauge invariant.
One possible approach would be to treat the second or-
der perturbations as sourced by an effective gravitational
stress-energy that is quadratic in the first order pertur-
bations. It would be interesting to perform such a second
order analysis and compare to the fully nonlinear results
of [4].
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Appendix A: Difficulties with metric perturbations
We now consider how fields whose stress-energy can
get to null infinity create difficulties with the usual metric
perturbation formalism. Recall that the metric is written
to first order as gµν = ηµν+hµν where ηµν is a flat metric
and hµν is small. The coordinate invariance of general
relativity leads to a gauge invariance under hµν → hµν +
2∂(µξν) for any vector field ξν . The usual Lorentz gauge
condition is ∂µh¯µν = 0 where the trace reversed metric
perturbation is defined by h¯µν = hµν −
1
2hηµν . Then the
first order Einstein field equations become
∂α∂αh¯µν = −16πTµν (A1)
The retarded solution of eqn. (A1) is
h¯µν(t, ~r) = 4
∫
d3R Tµν(T, ~R)
|~r − ~R|
(A2)
Here the point (T, ~R) is on the past light cone of the
point (t, ~r) and therefore we have
t− T = |~r − ~R| (A3)
We would like to know the behavior of hµν near null
infinity, that is for large r and finite u. It is natural to
assume that R≪ r which leads to the approximation
1
|~r − ~R|
=
1
r
(A4)
T = u+ rˆ · ~R (A5)
However, it turns out that things are not quite so simple.
First consider the case where the stress energy is that of
a timelike or null particle traveling along a geodesic. For
a timelike geodesic, we do have R ≪ r. And for a null
geodesic we have R≪ r for all values of Rˆ except Rˆ = rˆ.
Thus, in order to use the approximation of eqns. (A4-A5)
for stress-energy that can get to null infinity, we have two
choices: either only calculate the field at points of null
infinity that are not approached by the stress-energy, as
is done in [16], or define the metric perturbation using a
limiting procedure as follows: let θ be the angle between
rˆ and Rˆ. Then in the integral over all ~R we exclude the
region where θ < ǫ and then take the limit as ǫ → 0.
Thus we are tentatively led to the following expression
for the metric perturbation near null infinity
h¯µν =
4
r
lim
ǫ→0
∫
θ>ǫ
d3R Tµν(u+ rˆ · ~R, ~R) (A6)
However, this expression only works if the limit exists,
and we will now argue that it does not. Consider null
geodesics emitted near the center that cross the null plane
given by eqn. (A5) at a small value of θ. Then for a given
range of times of emission, the value of R at which the
geodesics intersect the null plane, and the range dR go
like θ−2. (This is in contrast to the behavior of timelike
geodesics, where R has a limiting value at small θ). Now
we can write d3R as R2dRdΩ where dΩ is the measure on
the unit two-sphere. Since at large R the stress-energy
goes like R−2 we find that TµνR
2dR goes like θ−2. Since
for small θ we have that dΩ = 2πθdθ, it follows that the
quantity in eqn. (A6) whose limit we are trying to take
goes as ln ǫ and therefore the limit as ǫ → 0 does not
exist.
Note that this argument is quite general, as it depends
only on the properties of the wave equation and a source
that can get to null infinity. Thus, for example, it also
applies to Maxwell’s equations using a vector potential in
Lorentz gauge. If one uses a charge current that can get
to null infinity, then the vector potential in Lorentz gauge
is not well behaved. One might worry that the argument
6is too general for the following reason: from Maxwell’s
equations it follows that the Cartesian components of
the electric and magnetic fields satisfy the wave equation
with source. Thus, it seems that we might be led to
believe that the electric and magnetic fields are not well
behaved. However, in this case one can show that the
source vanishes at θ = 0 and therefore that the limit
as ǫ → 0 in the analog of eqn. (A6) exists. Similar
considerations apply to the sources for the electric and
magnetic parts of the Weyl tensor and the wave equations
that they satisfy.
Since the standard gauge for linearized gravity does
not work when the sources can get to null infinity, one
has a choice of either finding a better gauge or working
with gauge invariant quantities. We have chosen the sec-
ond approach, though there is certainly the possibility
that the first approach might also work. Since the usual
metric perturbation approach is problematic when treat-
ing gravitational wave memory with sources that can get
to null infinity, what attitude should one take towards
such treatments of memory as those of [10–13] that use
this approach? First note that the results of these refer-
ences are expressed in terms of the transverse traceless
part of the metric perturbation. It is certainly possible
that the transverse traceless part of the metric pertur-
bation is better behaved than the metric perturbation
itself. That is, in this case taking the transverse trace-
less part may also amount to discarding those parts of
the metric perturbation that are ill behaved. However,
the general approach of metric perturbation theory im-
plicitly assumes that one is using a gauge in which the
metric perturbations are well behaved. When this is not
the case, we prefer a gauge invariant method.
Appendix B: Behavior of the fields near null infinity
We would like to know how the stress-energy and the
Weyl tensor behave near null infinity, that is for large
r and finite retarded time u = t − r. We define the
advanced time v = t+ r and the future directed null vec-
tors ℓµ = −∂µu and nµ = −∂µv. We will assume that the
Cartesian components of both the stress-energy and the
Weyl tensor can be expanded near null infinity in power
series in r−1 with coefficients that are smooth functions
of u and the angular coordinates. We will also assume
that the stress-energy satisfies the dominant energy con-
dition. Since the power radiated per unit solid angle is
the limit as r → ∞ of −r2Ttr and since we want that
limit to exist and be non-vanishing, we will assume that
the stress-energy falls off like r−2. Furthermore, since
only a finite amount of mass can be radiated, we will as-
sume that this r−2 piece of the stress-energy goes to zero
at large |u|. It then follows from the properties of the
angular coordinates that
∂αTµν = −ℓα
∂
∂u
Tµν + O(r
−3) . (B1)
But the stress-energy is conserved, and its r−2 piece can-
not have any part that is unchanging in u, so it follows
that ℓµTµν must be of order r
−3. Now using a basis that
consists of ℓµ, nµ and two unit vectors in the angular
directions, we find that the stress-energy must take the
form
Tµν = Aℓµℓν + 2ℓ(µBν) + Cµν + O(r
−3) (B2)
where Bµ and Cµν have components only in the angu-
lar directions. However, the dominant energy condition
implies that the stress-energy tensor contracted with any
timelike or null vector must yield a timelike or null vec-
tor, from which it follows that Bµ and Cµν must vanish.
Thus, we find that the stress-energy takes the form
Tµν = r
−2Lℓµℓν + O(r
−3) (B3)
from which eqn. (29) follows.
Now, we consider the behavior of the Weyl tensor
near null infinity. Contracting the Bianchi identity
∂[ǫRαβ]γδ = 0 we obtain
∂ǫRǫαβγ = ∂βRγα − ∂γRβα . (B4)
Now acting on the Bianchi identity with ∂ǫ and using
eqn. (B4) we obtain
∂ǫ∂ǫRαβγδ = ∂α∂γRδβ − ∂α∂δRγβ
− ∂β∂γRδα + ∂β∂δRγα . (B5)
Thus the Riemann tensor satisfies the wave equation with
a source that involves second derivatives of the stress-
energy tensor. It then follows from the treatment of ap-
pendix A that the Riemann tensor falls off like r−1 at
null infinity. Since the stress-energy falls off like r−2 it
then follows that the Weyl tensor, and therefore its elec-
tric and magnetic parts, falls off like r−1. We now con-
sider the consequences of the assumption that the electric
and magnetic parts of the Weyl tensor can be expressed
as power series in r−1 with coefficients that are smooth
functions of u and the angular coordinates. First note
that the spatial derivative of u is ∂au = −ra where ra is
the unit spatial vector in the outgoing radial direction.
It then follows from the same reasoning that led to eqn.
(B1) that
∂cEab = −rc
∂
∂u
Eab + O(r
−2) (B6)
But the electric part of the Weyl tensor satisfies eqn.
(10), from which it follows using eqn.(B6) that Era is of
order r−2. Now define va ≡ Era. Then we have
∂cva = −rc
∂
∂u
va + O(r
−3) (B7)
But contracting eqn. (10) with ra we obtain
∂ava = −r
−1vr + 4π
(
1
3∂r(2µ+N)− ∂tqr
)
(B8)
7However, the right hand side of eqn. (B8) is O(r−3) and
it therefore follows from eqn. (B7) that Err is O(r
−3).
The same reasoning applies to Bab using eqn. (11). So
we find that Bar is O(r
−2) and Brr is O(r
−3).
Now we consider the behavior of the Weyl tensor at
large |u|. We will assume that at both early and late
times the matter consists of widely separated objects
moving at constant velocity. Therefore the Weyl ten-
sor is a linear combination of translated and boosted lin-
earized Schwarzschild perturbations. Note that in its rest
frame the Weyl tensor of Schwarzschild falls off as r−3.
This property also holds under translations and boosts.
It then immediately follows that at large |u| the quan-
tities eAB, bAB, xA and yA all vanish since these quan-
tities correspond to pieces of the Weyl tensor that fall
off as r−1 and r−2. In its rest frame, the Weyl tensor
of Schwarzschild is purely electric. The boost does in-
troduce nonzero components of the magnetic part of the
Weyl tensor. However, the Brr component remains zero.
It then follows that in the limit as |u| → ∞ the quan-
tity Q vanishes. Thus of all the asymptotic Weyl tensor
fields that we use, the only one that does not vanish in
the limit as |u| → ∞ is P .
Appendix C: Green’s function for memory
We want a solution of the system
DBm2AB = DAΦ2 (C1)
DADAΦ2 = 8π(F[1] − F ) (C2)
which we will find using a Green’s function method. Note
that the system is unchanged by adding a constant to Φ2
so we will specify Φ2 by imposing the condition that its
average value vanishes. First use the Ansatz
m2AB = DADBJ −
1
2HABDCD
CJ (C3)
Note that the right hand side of eqn. (C3) vanishes for J
any combination of ℓ = 0 and ℓ = 1 spherical harmonics.
We will therefore specify J by also imposing the condition
that J[1] = 0. Then applying eqn. (C1) to eqn. (C3) we
obtain
DA(DBD
BJ + 2J) = 2DAΦ2 (C4)
which then using the conditions that both J[1] and the
average value of Φ2 vanish yields
DBD
BJ + 2J = 2Φ2 (C5)
Now suppose that we want the value of J at a point p on
the two-sphere. We introduce the usual (θ, φ) coordinate
system on the two-sphere, with the point p at θ = 0. We
also introduce the quantities x and C given by x = cos θ
and
C = (1− x) ln(1− x) (C6)
Then we have
DAD
AC = −2C + S (C7)
where the quantity S is given by
S = 1 + 3x+ 2 ln(1− x) (C8)
and satisfies
DADAS = −2(1 + 3x) (C9)
We then have
0 = lim
ǫ→0
∫
θ>ǫ
DA(Φ2D
AC − CDAΦ2)
= lim
ǫ→0
∫
θ>ǫ
(Φ2DAD
AC − CDAD
AΦ2)
= lim
ǫ→0
∫
θ>ǫ
(12DAD
AJ + J)(−2C + S)
+
∫
C8π(F − F[1]) (C10)
Here the integral sign with no subscript denotes an inte-
gral over the two-sphere, while with the subscript θ > ǫ
the integral is done over only that part of the two-sphere
where θ > ǫ. In both cases the integral is done with the
usual two sphere volume element. However, we also have
limǫ→0
∫
θ>ǫ
(12DAD
AJ + J)(−2C + S)
= lim
ǫ→0
∫
θ>ǫ
DA((
1
2S − C)D
AJ − JDA(12S − C))
+ lim
ǫ→0
∫
θ>ǫ
J(DAD
A(12S − C)− 2C + S)
= lim
x→1
2π(1 − x2)
[
(12S − C)
∂J
∂x
− J
∂
∂x
(12S − C)
]
+ lim
ǫ→0
∫
θ>ǫ
J(−(1 + 3x))
= 4πJ(p) (C11)
We therefore obtain
J(p) = −2
∫
C(F − F[1]) (C12)
Note that any point on the two-sphere can be represented
as a unit vector in Euclidean 3-space. Then letting ξ be
the point p and ξ′ be the point that we are integrating
over, we have x =< ξ, ξ′ > where <,> denotes the Eu-
clidean inner product. Thus, eqn. (C12) can be written
as
J(ξ) = −2
∫
(F −F[1])(ξ
′)(1− < ξ, ξ′ >) ln(1− < ξ, ξ′ >)
(C13)
It then follows from eqn. (C3) that for any vectors vA
and wA we have
vAwBm2AB =− 2
∫
(F − F[1])(ξ
′)
[
< v, ξ′ >< w, ξ′ >
1− < ξ, ξ′ >
− 12 < v,w > (1+ < ξ, ξ
′ >)
]
(C14)
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